VERY AMPLE POLARIZED SELF MAPS EXTEND TO 
PROJECTIVE SPACE 
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O [ 

Abstract. Let A be a projective variety defined over an infinite field, 
O ' equipped with a line bundle L, giving an embedding of X into P m and 

let 4> : X -> X be a morphism such that <j>* L = L m , q > 2. Then there 
• exists an integer r > extending 4> r to P m . 

: 

Q ! 1. Introduction 

i -pH ■ Let X be a projective variety defined over an infinite field k and <fi a 

finite self morphim of X. We say <j) is polarized by a line bundle L on J if 
(j)*L = L® q for q > 1. We say that the polarization is very ample if the line 
bundle L is very ample i.e. the morphism X -> P(#°(X, L)) = P£* obtained 
, by evaluating the sections of L at points of X is a closed embedding ([4], 

' pp. 151). In this paper we show that there exists an integer r > 1 such that 

4> r extends to a finite self map of P™, where X is embedded. We give an 
| example where r > 1 is required. Fakhruddin proves the following in ([3], 

C\| ■ Cor 2.2): 

. Let X be a projective variety over an infinite field k, <fi : X — > X a 

t— l | morphism and L an ample line bundle on A" such that cf)*L = L® d for some 

d > 1. Then there exists an embedding i of 1 in P^ and a morphism 
V> : P^ -)■ P^ such that ip o i = i o 0. 
| Our proof and Fakhruddin's proof are closely related. We explain the 

^ ■ differences and similarities in the proofs among the two papers in the third 

remark at the end of this article. 
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2. Main result 

Theorem 2.1. Let X be a projective variety defined over an infinite field 
k, L a very ample line bundle on X and 4> '■ X — > X a polarized morphism. 
Then there exists a positive integer r and a finite morphism ip : P™ — > P™ 
extending <jf , where m + 1 = dim^ H°(X, L). 
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Proof. Let dim(X) = g and let so, . . . , s m be a basis of H°(X, L). Let X be 
the sheaf of ideals on P m defining X. Then 

(1) -> 1 -> Opm -> O x -> 

is a short exact sequence of sheaves on P m . Tensoring ([Tj) with 0pm (n) and 
taking cohomology we get the long exact sequence 

-> tf°(P m ,Z(n)) -> i/°(P m , Opm(n)) -»■ 

-^H°(X,L® n ) ^ H 1 (F m ,l(n)) -> ... 

By Serre's vanishing theorem there exists no depending on Z such that 
// 1 (P m ,X(n)) = for each n > no- Let {/j} be the set of homogeneous poly- 
nomials defining X. Choose an integer r such that q r > maxj{deg(/j), no}. 
Since ((p r )*L = L® q , ((p r )*(si) can be lifted to a homogeneous polynomial hi 
of degree q r in the Sj's defined up to an element of H°(F m ,Z(q r )). The poly- 
nomials hi,0 < i < m define a rational map t/j : P m --■> P m . We show using 
induction that if the h^s are chosen appropriately, then ib is a morphism. 

Let Wj be the hypersurface defined by hi. We can choose Sq, . . . , s g with 
no common zeros on X, then each component (say Z) of n^ =0 Wj has codi- 
mension at most g + 1 since it is defined by g + 1 equations. By ([3], 
Thm 7.2, pp. 48), it follows that codim(Z) > g + 1. Suppose we have 
ho, . . . ,hj,0 < j < m such that each component of n^ =0 Wj has codimen- 
sion j + 1 and we want to choose hj + \. Let a% be the lifting of (cj) r )*(sj + i) 
to i7°(P m , 0pm (g r )). If V(ai) does not contain any of the components of 
n^ =0 Wj, then set hj + \ = a±. Otherwise we invoke the Prime Avoidance 
Lemma which states: 

Lemma 2.2. Let A be a ring and let pi,... ,p m ,(\ be ideals of A. Suppose 
that all but possibly two of the pi 's are prime ideals. If q ^ pi for each i, 
then q is not contained in the set theoretical union Upj. 

Proof. [5J, pp. 2. □ 

Taking A = k[so, . . . , s n ], q = X(q r ), and pi's the ideals corresponding to 
the distinct components of r\ J i=0 Wi we can choose 02 £ H°(F m ,l(q r )) such 
that V(ot2) does not contain any of the components of ri J i=0 Wi. Consider 
the family of hypersurfaces V[aa\ + bet?) with [a : b] € P^. If a = 0, then 
the corresponding hypersurface does not contain any components of n| =Q Wj. 
Otherwise, since k is infinite there exists c € k such that V(a± + co^) does 
not contain any component of n^ =0 Wj. Let hj+i = a\ + ca2- This concludes 
the induction and the proof of the theorem. □ 

We give an example of a self map of a rational quintic in P 3 that does not 
extend to P 3 . This illustrates that the condition r > 1 in Theorem 1 is at 
times necessary and answers a question of L. DeMarco [2]. 

Proposition 2.3. Letu,v be the coordinates of C = P 1 embedded in P 3 with 
coordinates (xq = u 5 ,x\ = u 4 v,X2 = uv 4 ,x^ = v 5 ). Then a self map <fi of 
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C of degree 2 defined by two homogeneous polynomials P(u,v) and Q(u,v) 
does not extend to P 3 if P(u, v) = au 2 + buv + cv 2 with abc ^ 0. 

Proof. Considering the restriction map H°(F 3 , O p3 (2)) -> F°(P X , C P i (10)). 
The image of x 2 ,, xf , x§, x§, XqXi, X0X2, X0X3, X1X2, X1X3, X2X3 under this map 
is u 10 , u 8 v 2 , u 2 v 8 , v 10 , u 9 v , u e v 4 , u 5 v 5 , u 4 v e ,uv 9 . Thus u v 3 and w 3 ?; are lin- 
early independent. (Note that it is easy to find two quadratic equations for 
C). One has the possible commutative diagram: 




The composition {io<p) is given by four homogeneous polynomials of degree 
10, namely (P{u, v) 5 , P(u, v) 4 Q(u, v), P(u, v )Q(u, v) 4 , Q(u, v) 5 ). If (p ex- 
tended to a self map ip of IP 3 , some degree two homogeneous polynomial Fi in 
the Xj's will restrict to (P(u,v) 5 , P(u,v) 4 Q(u,v), P(u,v)Q(u,v) 4 ,Q(u,v) 5 ) 
on C, by substituting the expressions of the x» in (u,v). Since abc 7^ the 
coefficients of u 7 i> 3 and v?v 7 in P(u,v) 5 are non-zero. So P(u,v) 5 is not in 
the image of tf°(P 3 , O p3 (2)) -)■ H°(F\ O w i (10)). □ 



3. Remarks 

If is finite, <f> r extends to ip if we allow tp to be defined over a finite 
extension of k. Indeed, applying the theorem to fc(the algebraic 
closure of k), ip is defined by m + 1 polynomials in m + 1 variables 
with coefficients in k. Hence ip is defined over the finite extension of 
k containing the finite set of coefficients of these polynomials. 
We say P G X is preperiodic for (p if (p m (P) = <p n {P) for m > 
n > 1. Denote the set of preperiodic points of the dynamical sys- 
tem (X,L,(p) by Prep((/>). It can be easily verified that Prep(</>) = 
Prep((/> r ). Thus from an algebraic dynamics perspective, we do not 
lose any information by replacing (p by (jf . The same holds true for 
points of canonical height pQ zero as well. 

One of the technical conditions required to extend <p from a self map 
of X to a self map of P™ is that (p*L = L s where s is larger than the 
degrees of equations defining X. We choose to replace <p by (p r and 
fix L. The integer q being at least 2 gives the result immediately. 
On the other hand in ([3], Prop 2.1) Fakhruddin chooses to replace 
L by L® n and keeps (p fixed. To finish the proof he uses a result 
of Castelnuevo-Mumford ([6], Theorem 1 and 3), stating that if n is 
large enough, X will be defined by equations of degree at most two 
in F(H°(X, L® n )). 
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